We present a compact solution to the one-dimensional problem of neutron scattering from two mutually perpendicular magnetic fields: permanent and rotating ones. Both fields are confined inside a layer of matter or a layer of a free space. The applications of this solution to the interpretation of some experiments with polarized neutrons are considered.
I. INTRODUCTION
The combination of two perpendicular magnetic fields, one permanent dc and one rotating radio-frequency magnetic field, occurs in almost every experiment with polarized neutrons. In particular, such a combination is used in resonance spin flippers or spin rotators ͑see, for example, Ref. 1͒. The goal of these rotators is to change the direction of the neutron's spin. This change is accompanied by the absorption or emission of a rf quantum of energy and therefore by the change of the neutron's energy. Usually the change in energy is small in comparison to the initial neutron's energy and can be neglected. However such a change, regardless of how small it is, plays a crucial role in some experiments.
In 1980 Krüger 2 proposed accelerating neutrons with a combination of dc and rf magnetic fields. He considered a simple geometry of the fields confined in free space ͑see Fig.  1͒ , and demonstrated that a neutron, which is initially polarized opposite to the dc field B 0 , after interacting with the combination of fields may flip its polarization and acquire additional energy 2ប, where 2 is the frequency of the rf field. To find the efficiency of the acceleration, he calculated the probability of the spin flip for arbitrary polarization of the incident neutron, which was equivalent to solution of a system of 16 linear algebraic equations 2 with 16 unknowns. ͑We call it ''the Krüger problem.''͒ Krüger solved it only approximately. We will show how to solve it precisely and analytically.
It is understandable why the solution of the Krüger problem requires so many equations. The wave function of the neutron after scattering from the magnetic fields consists of elastically and inelastically reflected and transmitted waves. Because each part of the wave function describes two spin components, four complex coefficients are required to describe the reflected part of the wave function, and four complex coefficients are required to describe the transmitted part of the wave function. Matching the wave function outside the area of the magnetic fields to the wave function inside this area gives equations for eight coefficients. The wave function inside the region of the magnetic fields consists of four waves with four unknown coefficients traveling in one direction and the same number of waves traveling in the opposite direction for a total of eight coefficients. Thus matching the total wave function and its derivative at the two interfaces gives 16 equations with 16 unknown coefficients.
An attempt to solve this system of 16 equations was undertaken in Ref.
3. However, the authors approximated the final result, as was done in Ref. 2. Later a slightly different problem was considered. 4 In Refs. 2 and 3 the magnetic fields were confined in a vacuum, and in Ref. 4 the magnetic fields were in a semi-infinite medium where only one interface was present. For simplicity, the authors of Ref. 4 considered neutrons initially polarized only along the magnetic field. They presented the final result, but did not discuss their method of solution.
Here we discuss a compact solution that is physically transparent and does not require solving 16 linear algebraic equations. The compact formulas that we will derive allow us, with the help of the algebra of Pauli matrices, to find the coefficients for every component of the wave function exactly. Moreover, we generalize the original Krüger problem by including a medium. We assume that all the fields are confined within a layer of matter 0ϽxϽD, and have no other dependence on the spatial coordinates. The interaction of neutrons with matter is characterized by optical potential (ប 2 /2m)u, where uϭ4N 0 b, N 0 is the atomic density and b is the coherent scattering amplitude. The quantity (ប 2 /2m)u is called the optical potential, because it determines the reflection and refraction of the neutron waves similarly to the reflection and refraction of the light waves in optics.
The total field consists of a dc magnetic field along the z axis, B 0 ϭ(0,0,B 0 ), and a rf magnetic field rotating in the x -y plane with frequency 2, B 1 ϭB 1 (cos 2t,sin 2t,0). The use of the frequency 2 instead of is convenient because it eliminates the factor 1/2 in some formulas; however, it is necessary to remember that the quantum of this rf field is 2ប and not ប. The incident neutron is described by a plane wave ϭexp(ik 0 xϪiE 0 t) 0 , where k 0 ϭmv 0 /ប, E 0 ϭE 0 /ប, and 0 is an arbitrary spinor related to the polarization of the neutron. We wish to find the transmission and reflection matrix amplitudes, and , which contain information about the polarization and energy of the neutron after the interaction.
This article is constructed as follows. In Sec. II we review a common solution, which does not take into account the full dynamics of the neutron in the fields. In Sec. III we show our compact solution to the Krüger problem. This solution yields the reflection and transmission matrices, which are derived for ideal interfaces in Sec. IV. With the help of these matrices it is possible to calculate the matrix elements for the elastic and inelastic transmission and reflection coefficients. To do so it is necessary to know the algebra of the Pauli matrices, which is reviewed in the Appendix. With this algebra we calculate the reflection from a semi-infinite space filled with the fields and matter ͑Sec. IV A 1͒. In Sec. IV A 2 we calculate the transmission coefficients for a rf spin flipper when matter is absent. In Sec. V we apply our formulas to experiments with polarized neutrons, which we call ''spin games,'' and present classical illustrations for some effects usually found in these experiments. Section VI summarizes our results.
II. RESONANT SPIN FLIPPER: RABI FORMULA
The complete time-dependent Schrödinger equation for a neutron in a magnetic field is
͑1͒
For the Krüger problem,
where ⌰ is the step function, which is equal to 1 when its argument holds true and 0 otherwise, is the absolute value of the neutron's magnetic moment, and ϭ( x , y , z ) is the Pauli matrix vector. We need to solve Eq. ͑1͒ and find the wave function and also the energies and polarizations of the reflected and transmitted neutrons. The incident neutron is described by a plane wave, ⌰͑xϽ0 ͒exp͑ ik 0 xϪiE 0 t ͒ 0 .
͑3͒
If E 0 , the initial energy of the neutron, is sufficiently high, E 0 ӷB 0 , then we may neglect the change in the velocity, vϭͱv 0 2 Ϯ2mB 0 , when the neutron enters the area D. In that case we can bind the reference frame to the moving neutron and look only for the time evolution of (t) when the neutron is inside the area where the magnetic field exists. This evolution is determined by the short Schrödinger equation
with (0)ϭ 0 . If we use the identity, "B 1 ͑ t ͒ϭB 1 ͓ x cos 2tϩ y sin 2t͔
and make the change of variables in Eq. ͑4͒, ͑t͒ϭe Ϫi z t ͑t͒, ͑6͒
we obtain
where ⍀ϭ( 1 ,0, 0 Ϫ) and 0,1 ϭB 0,1 /ប. The expression "⍀ in Eq. ͑7͒ does not depend on time, and thus (t) can be represented as (t)ϭexp(Ϫi⍀"t)(0). The initial condition, (0)ϭ 0 , is equivalent to (0)ϭ 0 , so the solution to Eq. ͑4͒ is
where ⍀ϭ͉⍀͉ϭͱ 1 2 ϩ(␦) 2 and ␦ϭ 0 Ϫ.
Suppose that the incident spin is oriented parallel to the z axis, that is, z 0 ϭ 0 . The term "⍀ϭ 1 x ϩ␦ z in Eq. ͑8͒ contains a nondiagonal matrix, x , that flips the polarization. Thus the probability of flipping the polarization when the neutron has passed through the fields at the time tϭt 1 ϭD/v 0 is given by
is the well-known Rabi formula 5 for the rf spin rotation. The polarization becomes completely flipped, w fl ϭ1, at resonance, ϭ 0 , when t 1 1 ϭ/2.
The limitation of the Rabi approach is that it does not give the neutron's wave function after the interaction. It does not tell us whether the energy or the velocity of the neutrons changes due to the interaction with the fields. Intuitively we think that in the rf field the neutron may absorb or emit a rf quantum, but it can also change its energy differently. We can suppose that the spin flip inside the flipper changes only the potential energy of the neutron. Then the total energy of the neutron changes by 2B 0 . Of course, it is equivalent to 2 at resonance, but outside resonance, when B 0 , what will be the speed of the flipped component after exiting from the flipper? The Rabi approach does not give an answer to this question. To see the full picture of the interaction, it is necessary to solve the complete Schrödinger equation ͑1͒.
III. SOLUTION TO THE KRÜ GER PROBLEM
In the original Krüger problem the fields are confined inside a layer of free space ͑see Fig. 1͒ . To make the problem more general, assume that the fields are confined within matter, which is described by an optical potential, ប 2 u/2m. In this case Eq. ͑1͒ can be rewritten as 
͑10͒
The solution of Eq. ͑10͒ would be considerably simpler if we are able to eliminate the time dependence of the fields. We can do this in the same way as we did for Eq. ͑4͒. If we use the identity ͑5͒ and make a change of variables similar to Eq. ͑6͒,
͑t,x͒ϭe
Ϫi z t ͑t,x͒, ͑11͒
in Eq. ͑10͒, we find
where ⍀ 0 ϭ( 1 ,0, 0 ), 0 ϭB 0 , and 1 ϭB 1 . For simplicity, we omitted ប and m by choosing atomic units with បϭmϭ1. Because Eq. ͑12͒ does not contain any time-dependent terms, we can look for a stationary solution (t,x,E) with the energy parameter E:
where k ϭͱk 2 ϩ2 z and k 2 ϭ2E. The exact expressions for the reflection, , and transmission, , matrices will be considered later. Also we did not include the part of the wave function in the interval 0ϽxϽD, because it is not needed for the solution of the current problem.
If we substitute Eq. ͑13͒ in Eq. ͑11͒, we find the solution of Eq. ͑10͒:
͑14͒
For general polarizations, 
The up-component of 0 has energy E u ϭEϩ and velocity k ϩ ϭͱk 2 ϩ2. The down-component has energy E d ϭE Ϫ and velocity k Ϫ ϭͱk 2 Ϫ2. We will later consider neutrons in a superposition of two energy states, but now we want to have the incident wave with the same energy E 0 for both spin components. To get it we must let the energy parameter EϭE 0 Ϫ for the up polarization and EϭE 0 ϩ for the down polarization.
These considerations show us how to modify the wave function to describe the incident neutron with the unique energy E 0 for both spin components for arbitrary polarization. To obtain a solution to Eq. ͑12͒, we need to use a superposition of two stationary waves instead of a single stationary wave Eq. ͑13͒. 
where
and k 0 ϭͱ2E 0 . The total incident wave in Eq. ͑17͒ is identical to Eq. ͑3͒. 
where k Ϫ ϭͱk 0 2 Ϫ4. This contribution is related to a neutron that is reflected inelastically with the emission of the rf quantum and its polarization flipped from up to down.
The third contribution is
where k ϩ ϭͱk 0 2 ϩ4. This contribution is related to a neutron that is reflected inelastically with the absorption of the rf quantum and its polarization flipped from down to up.
Similar results can be obtained for the transmitted waves. Thus, the interaction of a neutron with the fields leads to the splitting of both the reflected and transmitted waves into three contributions. The first one has the same energy as the incident wave, but its polarization, described by the coeffi-
The second contribution has an energy lower than that of the incident wave, corresponds to the emission of a rf quantum, and is accompanied by the flipping of the up polarization. Thus, this contribution is completely down polarized. The third part of the wave function has an energy higher than that of the incident wave, corresponds to the absorption of a rf quantum, and is accompanied by flipping the polarization from down to up.
The result of this section is Eq. ͑17͒, which is valid for an incident neutron of energy E 0 and arbitrary polarization. Equation ͑17͒ shows that the change in the total energy is equal to Ϯ2, even though the spin flip takes place inside the magnetic fields area, where the difference between the potential energies of the two spin components is 2 0 . It shows that the change in energy is due to the absorption and emission of the rf quantum, and not due to the change of polarization inside the dc field B 0 . The amplitudes and probabilities of all the processes can be immediately calculated from the matrices u,d and u,d , which we will derive in Sec. IV.
IV. REFLECTION AND TRANSMISSION MATRICES
We now show how to obtain the matrices and without solving 16 linear equations with 16 unknown coefficients. First we remind the reader how to calculate 7 the reflection and transmission matrices from the rectangular potential barrier shown in Fig. 2 .
We start with the simplest case when the incident neutron is a scalar particle. According to the usual approach, it is necessary to solve a linear system of four equations with four unknowns to find , and . This solution is not necessary if we know the reflection and transmission amplitudes at the potential steps 1 and 2 ͑see Fig. 2͒ . The amplitudes for reflection and refraction at the interface between the potential level u a /2 and the potential level u b /2 for a neutron incident from the left are
where k a,b ϭͱk 0 2 Ϫu a,b . It is convenient to denote the vacuum potential level by the index 0 (u 0 ϭ0) and the potential level of the barrier in Fig. 1 by the index 1 (u 1 ϭu). Equations ͑22͒ are well known and are obtained by matching the wave function and its derivative at the interface, which is equivalent to solving two linear algebraic equations with two unknowns.
With Eq. ͑22͒ in mind we can easily construct the wave reflected from the barrier as an infinite superposition of the multiple reflected waves from the two potential steps, 
The last equality in Eq. ͑24͒ is obtained with the help of Eq. ͑22b͒. The denominator is the result of the multiple reflections between the two interfaces. In a similar way we can derive that
Equations ͑24͒ and ͑25͒ are exact solutions for the reflection and transmission amplitudes, and are obtained from simple physical considerations without solving a system of four equations. Of course, the solution to this system of equations is identical to Eqs. ͑24͒ and ͑25͒.
In the nonscalar case, that is, for a neutron with a spin, we can again obtain similar results [8] [9] [10] using simple physical considerations instead of solving algebraic systems of equations. For example, in the presence of the magnetic fields B a,b in addition to the scalar potentials u a,b /2, the reflection and refraction amplitudes at the single interface between (B a , u a ), and (
where k a,b ϭͱk 2 Ϫu a,b Ϫ2"B a,b . The matrices ab and ab cannot be represented as simple fractions because the denominator and nominator may not commute with each other. 10 Again it is convenient to denote the vacuum side by the index 0 and the side with the fields by the index 1. Similar to Eq. ͑23͒, we find the reflection and transmission matrices for the entire barrier,
where k 0,1 ϭͱk 2 Ϫu 0,1 Ϫ2"B 0,1 . ͑28͒
According to Eq. ͑12͒, u 0 ϭ0, u 1 ϭu, B 0 ϭ(0,0,Ϫ), B 1 ϭ⍀( 1 ,0, 0 Ϫ), and dϭD. The expressions in Eq. ͑27͒ are valid in Eqs. ͑13͒ and ͑14͒ with the single energy parameter E. For the superposition of down and up components, Eq. ͑17͒, we must also separate u,d and u,d for the up-and down-components by replacing k 2 by k 0 2 ϯ2 in Eq. ͑28͒. Then 
Equations ͑17͒ and ͑29b͒-͑30͒ form complete solutions to the generalized Krüger problem with the fields in matter. By using this solution we can calculate the probability of all the processes that take place in the problem. We need only to calculate the matrix elements of the 2ϫ2 matrices u,d and u,d . Each 2ϫ2 matrix M can be represented as the superposition, M ϭQ 0 ÎϩQ", of the unit, Î, and matrices with four parameters Q 0 and Qϭ(Q x ,Q y ,Q z ). This superposition shows that the amplitude of the elastic processes without a spin flip is determined by Q 0 ϩQ z z , and the amplitudes of the inelastic processes with a spin flip are determined by Q x x ϩQ y y . Thus to find these amplitudes, we need to reduce and to the form M ϭQ 0 ÎϩQ". Simple rules for doing so are discussed in the Appendix. The reader is encouraged to become familiar with the algebra of Pauli matrices provided in the Appendix.
Calculation of reflection and transmission amplitudes. We now demonstrate how rather complicated but precise analytical expressions can be easily constructed with the help of simple principles.
Total reflection at a single interface (D→ϱ). When D →ϱ, there is only one interface and u,d has to be replaced by 01 u,d . To find the amplitudes of the elastic and inelastic reflections, we need to calculate
To evaluate Eq. ͑31͒ we use Eqs. ͑A7͒ and ͑A8͒. Equation ͑A7͒ can be generalized for the case of two arbitrary functions f (x) and g(x):
and
which follows from Eqs. ͑A5͒ and ͑A1͒. If we use Eqs. ͑33͒-͑35b͒, we can rewrite Eq. ͑31͒ as
The ϯ signs in the square root are related to the up and down spin components, respectively. From Eq. ͑37͒ it follows that the elastically reflected part of the wave function is
The 
At resonance we have ϭ 0 , ⍀ϭ 1 , and the above equations can be simplified. If 1 Ӷ,k 0 2 and u, which holds in most cases, we can use an approximation for ␥ u,d
r that is linear in 1 . Then
where k Ϯ Ј ϭͱk 0 2 Ϯ2Ϫu. This result for the reflection from a semi-infinite medium is valid for all energies. However, if k 0 2 Ϫ2ϽuϽk 0 2 ϩ2, then the polarization component of the wave function which is flipped from up to down will be totally reflected, and ␥ u becomes
where k Ϫ Љ ϭͱuϩ2Ϫk 0 2 .
If k 0 2 Ͻu and ӶuϪk 0 2 , we can reduce Eq. ͑43͒ to
where k 0 ЈϭͱuϪk 0 2 , and the second factor represents the standard total reflection amplitude for a potential step.
The equations in this section look bulky, but they have been obtained from the simple reflection matrix ͑31͒, which is physically transparent. We need only to use the algebra of Pauli matrices. uϭ0, reflection is neglected. If matter is absent (uϭ0), then reflection at the interfaces usually can be neglected, and we can let 01 Ϸ0 and 01 ϭ 10 ϭ1. In this case, according to Eqs. ͑29a͒ and ͑29b͒, we obtain
͑46͒
If we apply Eq. ͑A5͒ to Eq. ͑46͒, we obtain
From Eq. ͑47͒ we immediately obtain the elastically transmitted wave function,
͑49͒
The positive sign in Eq. ͑49͒ is related to ␤ u , and the negative sign is related to ␤ d . The energy E 0 and velocity k 0 of this part of the wave function are the same as in the incident wave, but the spinor 
͑50͒
The flipped part of the transmitted wave is
The flipped wave function consists of two plane waves with different energies. The wave with higher energy is polarized up and that with lower energy is polarized down. The probability of the spin flip is
Near resonance, Ϸ 0 , and for Ӷk 0 2 , Eq. ͑52͒ can be reduced to
͑54͒
and the probability of the spin-flip is reduced to Eq. ͑9͒.
At
͑55͒
If Ӷk 0 2 , then k 1,2 Ϸk 0 , and
where t 1 ϭD/k 0 is the time it takes a neutron to pass through the area in which the fields exist. From Eq. ͑56͒ we immediately obtain the nonflipping, Eq. ͑50͒, and flipping, Eq. ͑52͒, amplitudes
V. SPIN-GAMES IN PHYSICS
Now that we know what happens to the wave function in the spin rotator, we can discuss some of the spin games being played in neutron physics. In the spin-games the following definitions are well known: /2-and -flippers, the Ramsey separated fields method, neutron spin echo, neutron resonance spin echo, intensity modulation, and modulation of intensity emerging from zero effort ͑MIEZE͒.
A. The Õ2-flipper
Suppose that the incident neutron is up-polarized so that the coefficients ␣ in Eq. ͑15͒ are
If 1 t 1 ϭ/4 in Eq. ͑56͒, then after going through the magnetic fields, the spinor becomes
which means that neutron is polarized in the plane perpendicular to the quantization z axis. For this reason the spin flipper with 1 t 1 ϭ/4 is called the ''/2-flipper.'' It is important to remember that although the amplitudes of the two spin components have the same absolute value, their energies and velocities are different. The component u has energy E 0 and speed k 0 , while the component d has energy E 0 Ϫ2, and velocity k Ϫ ϭͱk 0 2 Ϫ4. Because of this difference, the neutrons transmitted through the /2-flipper are described by the wave function: ͑x,t͒ϭe
with the wave vector k sw ϭk 0 Ϫk Ϫ Ϸ2/k 0 ͑when 4Ӷk 0 ), and the frequency sw ϭ2. The spin vector, s(x,t) ϭ(s x ,s y ,s z ), corresponding to the wave function ͑60͒ is s͑x,t ͒ϭ͗*͉͉͘ϭϪ͓sin͑ k sw ͑ xϪD ͒Ϫ sw t ͒,
It is easy to see that this vector rotates in time and in space, which means that in the transmitted neutron beam we have propagating spin wave. However along the trajectory
the polarization is constant. This means that the spin arrow which is ''attached'' to a single neutron does not change its direction, that is, there is no precession without the magnetic field.
Intensity modulated wave
A spin wave can be converted into an intensity modulated ͑IM͒ wave by placing an analyzer on the beam's path, which transmits only neutrons with polarization along, say, the y axis. After the analyzer only the y-polarized part of the wave function ͑60͒ remains. It can be easily found by representing the spinors u,d via eigenspinors Ϯy of the Pauli matrix y ͑that is, y Ϯy ϭϮ Ϯy ), which are
͑63͒
If we use
and k sw Ϸ2/k 0 in Eq. ͑60͒, we obtain ϩy ϭe
which means that after the analyzer we obtain the superposition ͑or interference͒ of two states with the same polarization along the y axis, but with different energies. The intensity of the beam at any point x after the analyzer is then
͑66͒
At any point x the intensity oscillates with time t, and at any time t, the intensity periodically changes along the x axis. This is the result of the spin-wave structure of the beam incident on the analyzer.
Note, that there is no magnetic field on the neutron's path after the /2-flipper. Nevertheless, we register oscillations as if the neutron spin was precessing along this path. So the question is what do these oscillations mean?
Classical interpretation of the particle-wave duality
The spin precession that we discussed in Sec. V A is an illusive phenomenon. The spin direction of every neutron after the neutron has passed through the /2-flipper is fixed, but the spins of different neutrons have different directions.
Let us look closer at the mechanism of the resonant spin flipping ͑Fig. 3͒. The neutron spin rotates counterclockwise around the magnetic field B 1 , if we look from the tip of the vector B 1 , with angular velocity 2 1 . At the same time it rotates counterclockwise around the constant magnetic field B 0 with angular velocity 2 0 . The vector B 1 itself rotates counterclockwise around B 0 with angular velocity 2 ͓see Eq. ͑5͔͒. If ϭ 0 ͑the resonance condition͒, the spin remains perpendicular to B 1 during its complex rotation. At the time the neutron exits the /2-flipper coil, its spin is in the plane of the rotation of B 1 , but it is still perpendicular to B 1 ͑Fig. 3͒.
The direction of the spin after a /2-flipper depends on the direction of the vector B 1 at the moment t ex when the neutron exits the flipper, and consequently on the direction of B 1 at time t ent when the neutron enters the coil. It shows that the direction of the neutron spin depends on time-not on the time t of the observation, but on the time t ent when the neutron enters the flipper coil.
To elucidate the dependence of spin direction on the time t ex or t ent , we need first to rewrite Eq. ͑62͒:
If we substitute Eq. ͑67͒ into Eq. ͑66͒, we obtain
͑68͒
which is identical to Eq. ͑66͒ but contains more information. The same can be done with Eq. ͑60͒. The wave function of the transmitted neutron can be rewritten as
which also is identical to Eq. ͑60͒ and contains more information. Thus we see that the neutron spin does not rotate after it has passed the flipper, but different neutrons have different polarizations which depend on the time t ent that they enter the rf coil.
In the measurement we count the time starting from an arbitrary reference time t ref , and this reference time determines the reference phase of the rf field and of oscillations in IM wave represented by Eq. ͑66͒.
Thus we do not have a wave. The flipper ''marks'' every transmitted neutron, and this ''mark'' depends on the rotating vector B 1 of the /2-flipper, and as a result we observe a periodic wave-like process.
Saint Mark Street effect I
Everything said above about spin waves, superposition of states, and interference can be illustrated by the following example.
Let us imagine that at the beginning of St. Mark Street in the Flipper town ͑state of New Tron͒, there is a gate. At the gate there is a clock with a single arm, which rotates with frequency . A miracle happens to every person entering the gate: a dim halo appears over his/her head with a bright spot on the halo's circumference at the place which is pointed out by the gate clock at the moment of entrance.
The people enter the street randomly, but follow along it with the same speed v. If we look at the street from above we can see the bright spots scattered along a sinusoid-like trajectory. We will call it the ''bright-spot-wave.'' The length of the wave is v/. If we stay at the end of the street and glance at the halos of the passers-by, we would see that the bright spot ͑of different people͒ rotates with the frequency equal to the clock's frequency, and this result does not depend on people's speed ͑as long as the speed is the same for all the people passing down the street͒. This example of the bright-spot-wave illustrates the spin-wave property of the neutron beam after the /2-flipper.
Saint Mark Street effect II
Let us imagine that in the middle of St. Mark Street there is another gate and a clock with a single arm pointing permanently at 12 o'clock. The gate opens only for those people whose bright spot in the halo is between 0 and 6 h. The people with the bright spot between 6 and 12 h are asked to go another way. If we look from above at the street, we would find that after the second gate, the people would propagate in periodic bunches. These bunches are analogues of the IM neutron beam wave after the analyzer. The superposition of two states here is the mutual action of the permanent direction of the clock hand at the middle gate and the periodic rotation of the clock hand at the first gate.
These examples illustrate not only spin-wave and IM wave phenomena, but also the wave-particle duality in quantum mechanics. It shows that we have no wave when dealing with a single particle. To see the wave we need to arrange an experiment involving many particles. The main point is that there is a periodic process which affects the neutron flux independently of how long an individual neutron is in the experimental device.
This illustration, however, does not explain all the strange phenomena in quantum mechanics. If we look carefully without approximations at the spin wave after /2-flipper, we find that its phase speed, which we accept as the speed of the neutron, is equal to
that is, it is equal to the average velocity of the two spin components of the neutron. It is good, if the real velocity of the neutron is indeed equal to this mean velocity, but, if two spin components having different velocities can separate, the very interesting question arises: how it happens, and what is the neutron with separating spin components. If we could see the separation, we could see how coherent superposition of two states transforms to the incoherent one without external randomness.
B. The -flipper
Consider again an up-polarized neutron ͑58͒, but with 1 t 1 ϭ/2. Then, according to Eqs. ͑56͒ and ͑57͒, the spinor after the flipper will be which means that the spin is completely down-polarized after passing through the device. For this reason the spin flipper with 1 t 1 ϭ/2 is called the ''-flipper.'' The flipper not only flips the direction of a spin, but also changes the neutron energy. The energy of the flipped down-polarized neutron is E 0 Ϫ2, which is less then that of the incident up-polarized neutron.
C. Ramsey separated fields method "RSFM…
The -flipper can be considered as two adjacent /2-flippers. Its transmission is
which is identical to Eq. ͑71͒. What happens if we separate the two /2-flippers by a distance L? Before writing down the mathematics, let us think about what we can expect from such a separation. If no field is present between the two coils, then the spin of a neutron does not change its direction during the flight between the two flippers. The rf field inside the second coil, however, is rotating with frequency 2 during the neutron's flight. If during the time of flight T, the rf field turns by the angle 2Tϭ2n where n is integer, then the neutron entering the second /2-flipper encounters the magnetic field B 1 identical to the magnetic field in the first flipper at the time, t ex , the neutron exited the first flipper. Thus, the second flipper works as if there were no separation, and both flippers act together as a single -flipper.
If 2T 2n, the neutron spin s(Tϩt ex ) ͓which is identical to s(t ex )] may not be perpendicular to B 1 (Tϩt ex ). If 2Tϭ2nϪ␣, the angle between s and B 1 at the entrance to the second flipper is ␤ϭ/2Ϫ␣ /2. If we assume that B 1 is directed along the x axis, the neutron's spin is described by
The action of the second /2-flipper, which is represented by the operator exp(Ϫi x /4), transforms Eq. ͑73͒ to
The factor before d shows that the second /2-flipper flips the neutron spin only with probability cos 2 (␣/2). If ␣ϭ0, then both /2-flippers act synchronously as a single -flipper. If ␣ϭ, then the second /2-flipper completely cancels the effect of the first one.
The transmission operator of the entire system is
where TϭL/k 0 . For simplicity, we can exclude the phase factor exp(ik 0 ͓DϩL͔ϪiT) and reduce Eq. ͑75͒ to exp(ia x ) exp(ib z ) exp(ia x ). If we use Eqs. ͑A6͒ and ͑A9͒, the spin of the transmitted, initially up-polarized neutron is described by
We now see that if 2Tϭ2n or Tϭn ͑with integer n), the initial u is flipped to d . If 2Tϭ(2nϩ1), the action of the second /2 flipper compensates the action of the first one, and the initial polarization u remains unchanged.
For arbitrary T, the intensity of an up-polarized neutron beam after two flippers is proportional to sin 2 (L/v), where T is replaced by the neutron time of flight between the two separated coils, L/v. Such a dependence shows that the separated coils can be used for spectrometry. For large L/v, just a small variation of gives a large variation of the intensity, and thus L/v can be found very precisely. Because the value of L is usually well known and is large, the value of v can be found with high precision.
The RSFM is used in experiments to search for the neutron electric dipole moment ͑see, for example, Ref. 11͒. In these experiments a magnetic field B 0 is added between the two coils, and thus the neutron's spin precesses along the flight path with frequency 2 0 . To take this precession into account, we must replace exp(i z T) in Eq. ͑76͒ by exp(i(Ϫ 0 ) z T). If ϭ 0 , then exp(i(Ϫ 0 ) z T)ϭ1, and both the /2-flippers work together as a -flipper. The RSFM is a very sensitive method for searching for the electric dipole moment, because for a large T, we can see the effect even for a very small change in 0 Ϫ.
Tuner
We have seen that if 2Tϭ2n, the two halves of the -flipper act as if they were not separated. Suppose that 2T is not exactly 2n. In this case, an additional coil of a length l with a tunable magnetic field, B t , parallel to the z axis is placed between the two /2 flippers. Such coil is called a ''tuner.'' The magnetic field B t introduces the potential energy z B t ϭ z t , which changes the neutron velocity,
For large k 0 2 ӷ, Eq. ͑77͒ is equivalent to k u Ϸk 1 ϩ z ( ϩ t )/k 1 , where k 1 ϭͱk 0 2 Ϫ2. With the tuner the transmission amplitude (L) of the space L between the two /2-flippers is exp(ik 1 L) ϫexp(i z ͓Tϩ t t 2 ͔), where t 2 ϭl/k 1 . If T 2n, t can be tuned so that Tϩ t t 2 ϭ2n.
Echo
If we split the distance L into two parts, L 1 and L 2 , and place another -flipper in between, the transmission (L) becomes
If L 1 ϭL 2 , then the first exponential becomes equal to 1. It means that the phase accumulated along the first part of the path is canceled after the transmission through the second part, and so the transmission through the full system of the flippers is (/2)()(/2)ϭϪ1, as if all the flippers were absent. ͑A common phase factor of Ϫ1 in the wave function is not counted.͒ This phase cancellation is the main element in ''echo'' experiments. Let us discuss why the two phases annihilate each other even if they are not equal to 2n, as in RSFM. The role of the -flipper here is crucial. Suppose that the L 1 ϭL 2 ϭL. During the time T of flight through L 1 , the rf field in all the coils turns by ϭ2T. If ϭ2nϪ␣, the angle between s and B 1 is ␤ϭ/2Ϫ␣ ͑see Fig. 4͒ . In the -flipper the neutron spin is reflected with respect to B (ϭB 1 ) ͓Fig. 4͑c͔͒. The neutron proceeds to the second /2-flipper with the same speed as after the first one. At the moment the neutron enters the second /2-flipper, the rf field will turn again by 2nϪ␣. This time, however, the angle between the rf field and the neutron spin becomes ␤ϩ␣ϭ/2, and the counterclockwise rotation around B 1 in the second /2-flipper brings the spin back to the initial state u . Thus, the system of three flippers with the arbitrary L 1 ϭL 2 is equivalent to free space.
Saint Mark Street effect III
The echo phenomenon can be illustrated in the following way. Let us imagine that there are three gates in the street: at the beginning, in the middle, and at the end. All these gates have identical clocks with a single hand in each clock rotating synchronously with the same speed . The effect of the first gate was described in the Sec. V A 3. When people enter the middle gate, the bright spot in their halo changes its position. The new position is obtained by reflecting the spot with respect to the direction of the clock hand at the entrance moment. At the end gate the halo disappears if the position of the spot coincides with the position of the clock hand. It is easy to see that all the halos disappear.
Suppose that the people go with such a speed that the positions of their halo coincide with the position of the clock hand when they arrive at the middle gate. It means that the clock hand turned by 2n during the travel time T between the first two gates. In this case nothing happens with the bright spots at the middle gate. Because the people's speed does not change and the distances between the gates are equal, the people arrive at the end gate just when the third clock hand position coincides with the bright spots positions. So the halos will be removed.
If the speed of the people is slower, then at the moment they arrive at the middle gate, the clock hand turns by 2n ϩ␣Ͼ2n. Thus the people's bright spot will be behind the clock hand by the angle ␣. In that case the spot is reflected with respect to the clock hand and positioned before the clock hand by the same angle ␣. If the people's speed after the third gate is the same as before, they arrive to the end gate when the clock hand turns by the angle 2nϩ␣, and again it points just to the position of the spot, and the halo extinguishes. The same happens with people going faster.
The only way to save the halo is to change the people's speed after the middle gate. Many experiments with neutrons are aimed at measuring the change of the neutron's speed due to the interaction with a sample placed in the second half of the ''echo'' system.
Some details of the echo experiments
There are two types of the echo methods. If the intervals L/2 are empty, the method is called neutron resonance spin echo.
3 If the intervals L/2 contain dc magnetic fields B 0 in opposite directions, the method is called neutron spin echo. 12 In the experiments using the effect of echo ͑see, for example, Ref. 13͒, two parts of the path L are first tuned with the tuner ͑in Ref. 13 it is called an accelerator͒ which is placed in one of the parts to achieve the phase cancellation. A sample is then placed in the second part. If there is a change in the neutron velocity v→vϩ␦v ͑or in the length of the path ␦L), the time the neutron spends in the second part also changes:
͑79͒
After this change the phases are not matched any longer, and the tuner is used to cancel the phases again. The change of the field in the tuner characterizes the change in the neutron speed ␦v.
D. Combination of frequencies: The MIEZE spectrometer
Consider again an up-polarized neutron beam and the two /2 spin flippers ͑it is unimportant whether they are close to each other or not͒. Now, however, assume that the frequencies of the rf fields are different: in the first flipper, and Ј in the second one. A spectrometer with the different flipper frequencies is called a MIEZE spectrometer. The wave function of the neutron transmitted through the first flipper is
where E Ϫ ϭE 0 Ϫ2, k Ϫ ϭͱ2E Ϫ . The wave function of the same neutron after transmission through the second /2-flipper ͑with different frequency Ј) becomes
͑81͒
where E 0 ЈϭE 0 Ϫ2ϩ2Ј, E Ϫ Ј ϭE 0 Ϫ2Ј, and k 0,Ϫ Ј ϭͱ2E 0,Ϫ Ј . The first term, 1 in Eq. ͑80͒, is related to elastic transmission through the second flipper. The other terms describe inelastic transmission. When the up-polarization analyzer is placed after the two spin-flippers, the intensity of the transmitted neutrons is
So, at any point x, the intensity oscillates with frequency ϪЈ. We have again created a beam with modulated intensity, which can be considered as a coherent wave with the wavelength ϭ2v/(ϪЈ). It is interesting to note that the smaller the difference ␦ϭϪЈ, the easier it is to observe the intensity modulation, because the larger uncertainties of the velocity v, position x, and time t are tolerable. Such oscillations were first observed in Ref.
14. The modulation frequency ␦ϭ2ϫ10
Ϫ5 Hz was clearly seen. The observation of such a small frequency modulation looks remarkable because this frequency corresponds to a period of 12 h, while the frequencies and Ј of the flippers are the order of 32 kHz, and the neutrons spend only a few milliseconds in the instrument. However, this observation was correct, as was pointed out in Sec. V A 4.
Indeed, these oscillations are observed due to the absolute timing of the two flippers. Every neutron has a fixed polarization after the first flipper, but the direction of its polarization depends on the time the neutron enters the first flipper. The second flipper is like a rotating analyzer. The spin wave, which we observe after the first flipper, is a stream of particles each ''marked'' at the entrance of the flipper. This stream is like a wave with frequency . The analyzer ͑the second flipper͒ modulates the spin wave. The modulation frequency is Ј. The superposition of the marking and analyzing events produces a stream that is a wave with frequency ϪЈ. It does not matter how long the particles spend in the measuring apparatus, or how regularly they arrive to the apparatus. On average we must see the beating, and the beating has been experimentally observed.
Considerably higher frequency modulations of the order of 200-400 kHz were observed in Ref. 15 , and this observation was also in good agreement with the theoretical expectations.
Saint Mark Street effect IV. The effect of low frequency beating can also be illustrated with the help of the Saint Mark Street gates. Let us imagine that the clock hand in the middle gate rotates with the frequency Ј . This gate opens only if the bright spot in the halo of the passers-by is inside an angle ␣ about the direction of the clock hand. If the frequency Ј is the same as , and T is inside the interval ͓2nϪ␣,2nϩ␣͔, then all the people are permitted to pass the middle gate and we see no beating. If, however, T is outside the interval, no one is permitted to go through the middle gate, and the IM wave again cannot be observed. Only for Ј does the stream of people behind the middle gate consist of periodic bunches with frequency ͉ϪЈ͉, which illustrates the IM wave, as has been discussed in Sec. V A 4.
VI. DISCUSSION
We have discussed an analytical method for obtaining an exact solution to the Krüger problem for an arbitrary primary polarization. This problem is equivalent to the onedimensional scattering of neutrons from a rf field confined to a limited space region. Both elastic and inelastic scattering phenomena were discussed. The inelastic components are accompanied by absorption and emission of a rf field quantum. The results for the probability of the spin-flipping can be reduced to the well-known Rabi formula, when the energy of the rf quantum can be neglected compared to the neutron's kinetic energy. We have shown how to calculate the elastic and inelastic reflections from a material that contains a rf magnetic field. In a similar way it is easy to construct the reflection and transmission amplitudes of films and even multilayered systems with rf fields.
Our method is also valid when another constant magnetic field is added outside the area of the rf magnetic field. However, this external magnetic field must be parallel to the constant magnetic field B 0 inside the rf field area. For other field orientations the solution is more complicated, but in the quasi-classical approximation where we neglect the reflection as in Sec. IV A 2, we can use equations similar to Eq.
͑46͒.
A thorough understanding of the interaction of neutrons with a magnetic field opens a wide field for research. The two spin states of the neutron are the two channels in which the neutron's wave function can be split and then recombined. This leads to interference and the change of the interference pattern under the influence of external fields. 16, 17 The analogy to this process can be found in the Mach-Zehnder interferometer, where the incident wave is split between two independent paths and then recombined to create an interference pattern. 18 One of the interesting questions in spin physics is how long the superposition of spin and energy states remains coherent. The spin games help in that respect. At the same time, because all quantum effects in spin physics have clear classical interpretations, we can better interpret the experimental results, deepen our understanding of quantum mechanics, and liberate ourselves from some quantum mythology.
What is more important is that all spin transformations, for which we coined the name ''games,'' are used in applied physics to measure very small energy changes in the interactions of neutrons with matter and fields. For instance, RSFM is widely used in experiments to search for the neutron electric dipole moment. The spin echo is used to measure the roton life time in superfluid 4 
He
19 to investigate the dynamics of magnetic flux inhomogeneities in high temperature superconductors. 20 Furthermore, the IM beam obtained from the spin wave or by other methods 21 can be used to do holography 22 to visualize the internal structure of matter. To describe all such applications we need to consider more games in presence of different external fields and explain mechanism of neutron interaction with, say, rotons in 4 He or excitations in the physics of polymers. 23 The term Krüger problem was coined in Ref. 3, however 20 years before Krüger the same problem was considered by Drabkin and Zhitnikov ͓G. M. Drabkin and P. A. Zhitnikov ZhETF 38, 1013 ͑1960͒, see Sov. Phys. JETP, Vol. 38͔. Contrary to Krüger, these authors considered not accelleration but decelleration of neutrons for production of ultracold neutrons, which is not essential. So the problem should have their name, too.
